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Abstract 

We construct the consistent super symmetric extensions of the operators describ- 
ing the recoil of a D-brane and show that they reahze an = 1 logarithmic super- 
conformal algebra. The corresponding supersymmetric vertex operator is related to 
the action of a twisted superparticle with twist field determined by the angular mo- 
mentum of the recoiling D-brane and with explicitly broken K-symmetry. We show 
that the superconformal completion removes the logarithmic modular divergences 
that are present in the bosonic string loop scattering amplitudes. These features are 
all consequences of the relationship that exists in these models between worldsheet 
rescaling and the time evolution of the D-brane in target space. 



1 Introduction 



One of the ways of describing the dynamics of D-branes is to regard them as string sohtons. 
The center of mass zero modes of the sohton break target space translational symmetry. 
This effect can be described in an open string worldsheet formahsm as inducing a de- 
formation of the underlying conformal field theory cr-model The change of state of 
the soliton during a scattering event leads to a relevant deformation of the cr-model and 
causes a change in the conformal field theory background. One surprising aspect of this 
description is that the quantization of the collective coordinates of the D-brane induces 
violations of conformal invariance in the form of non-local worldsheet operators, yielding 
unexpected logarithmic terms . These scaling violations were subsequently shown [|| to 
be a consequence of the fact that the worldsheet Noether currents associated with spatial 
translations should be identified with logarithmic operators ^ of the theory. These loga- 
rithmic operators correspond to hidden (target space) continuous symmetries ^ related 
to the collective coordinates. The proper operators describing the recoil effects during the 
scattering of closed string states off the D-brane background have been constructed and 
their logarithmic conformal algebra is well-studied P|-0- 

Logarithmic conformal field theories lie on the border between conformal field the- 
ories and generic renormalizable two-dimensional field theories. They are characterized 
by the appearence of logarithmic terms in the four-point correlation functions of primary 
operators. The logarithmic divergences are due to the fact that two (or more) primary 
fields have the same scaling dimensions (modulo integers) and that they can no longer 
diagonalize the Virasoro generators of the theory [Q. Rather, they mix under confor- 
mal transformations and form Jordan cells. While such theories are not unitary, they 
define realistic models which can still be classified to some extent by conformal data. 
In certain cases, the logarithmic scaling violations lead to subtleties in their worldsheet 
renormalization group properties, implying a sort of marginal non-criticality of the theory. 
This is precisely the case with the recoil deformation operators for string solitons, which 
are marginally relevant, and are thereby capable of driving the deformed cr-model to a 
non-trivial fixed point. These operators are described in a semi-classical impulse approx- 
imation, appropriate for the non-relativistic dynamics of heavy D-branes, or equivalently 
to leading tree-level order of string perturbation theory. It is induced by the capture of a 
closed string state by the D-brane defect. In the worldsheet formalism such a procedure 
implies ^ the splitting of a closed string state into a pair of open strings, or in other 
words the approach of a worldsheet bulk operator to the worldsheet boundary. This leads 
to a bulk-boundary operator product expansion [If. 

While the recoil operators are unusual and difficult to handle, they have passed several 
non-trivial consistency checks. For example, the operators induce a target space dynam- 
ics which is equivalent to that derived from the Born-Infeld action, even in the case of 
non-abelian, multiple D-brane configurations 0. In this paper we will show that these 
operators are also consistent with A/" = 1 supersymmetry. In particular, we will construct 
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supersymmetric partners to the recoil operators and show that they naturally close to a 
super symmetric extension of a logarithmic conformal algebra. The original example of 
an A/" = 1 logarithmic super conformal field theory is provided by a certain class of su- 
persymmetric Wess-Zumino-Witten models, in which some operator product expansions 
are found to contain logarithmic terms B M . Supersymmetric extensions of logarithmic 



conformal field theories have been subsequently dealt with in generality in |TD|, W^. The 
following construction extends the pair of impulse operators for D-branes to a consistent 
deformation of the underlying supersymmetric worldsheet cr-model, and at the same time 
provides one of the first examples of a logarithmic superconformal field theory. 

Besides demonstrating the overall consistency of the recoil operators, the incorporation 
of supersymmetric partners enables us to study the quantum dynamics of the D-brane 
background in the full setting appropriate to branes in Type II superstring theory. We 
shall uncover a number of remarkable properties of the A/" = 1 supermultiplet of re- 
coil operators. For instance, we shall see that in the case of DO-branes a target space 
supersymmetrization naturally leads to the interpretation of the superspace trajectories 
described by the impulse operator as those of a certain twisted superparticle [|I2|, with 
twist field determined by the angular momentum of the recoiling D-particles. A certain 
class of such spinning superparticle theories possesses the same spectrum as supersym- 
metric Yang-Mills theory in ten dimensions. The particular classical configurations can 
be seen to explicitly break the target space supersymmetry, which is expected from a 
time-dependent D-brane background. This gives a novel physical interpretation of the 
breaking of supersymmetry by moving D-branes. 

We shall also see that the logarithmic superconformal structure has dramatic effects 
on the structure of open string loop amplitudes which describe the target space quantum 
corrections to the scattering of elementary string states off the D-brane. We will find that 
the fermionic superpartners remove the logarithmic modular divergences which in the 
bosonic case arise from string states associated with logarithmic operators of vanishing 
conformal dimension p|, ^. While the cancellation of instabilities in the purely bosonic 
string theory is expected from worldsheet superconformal invariance, in the logarithmic 
case it is a non-trivial cancellation because the spinor fields also exhibit the same sort of 
logarithmic scaling violations in their correlation functions. We will see that the stabi- 
lization can be attributed to the identification of the worldsheet scale with an evolution 
parameter in target space that was made initially in to extract the proper logarithmic 
correlation functions. In the following we will see that this identification alternatively 
follows from the requirement of cancellation of modular divergences and also from the 
interpretation of the impulse operator in terms of twisted superparticles with explicitly 
broken supersymmetry. 

The structure of this paper is as follows. In section 2 we describe the A/" = 1 supersym- 
metric extension of the general logarithmic conformal algebra. In section 3 we explicitly 
construct the supersymmetric extensions of the impulse operators and show that they 
satisfy the structure of a logarithmic superconformal field theory. In section 4 we show 
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that these same operators arise naturally from the standard worldsheet supersymmetric 
Wilson loops which describe the dynamics of D-branes in the T-dual picture, and also 
how they appear canonically in a superspace formulation of the problem. In section 5 
we analyse the interplay between worldsheet scale transformations and target space time 
evolution of the D-brane, and show that the impulse operator explicitly breaks super- 
Galilean invariance. We also describe the relationship to the spacetime supersymmetric 
Wilson loop and use this to interpret the recoil operator as that of a twisted superparticle 
in the case of DO-branes. Finally, in section 6 we demonstrate the cancellation of modular 
divergences in superstring annulus amplitudes and show how it may be most naturally 
understood in terms of the Zamolodchikov metric corresponding to the superconformal 
logarithmic operators. 



2 Logarithmic Superconformal Field Theories 

The Virasoro algebra of a two-dimensional conformal field theory is generated by the 
worldsheet energy-momentum tensor T{z) with the operator product expansion 

Tiz) T{w) = + , ^ TH + d^T{w) + . . . , (2.1) 

[z — wp [z — wY z — w 

where c is the central charge of the theory, and an ellipsis always denotes terms in the 
operator product expansion which are regular a.s z ^ w. For a closed surface these rela- 
tions are accompanied by their anti-holomorphic counterparts, while for an open surface 
the coordinates z,w are real-valued and parametrize the boundary of the worldsheet. In 
the following we will be concerned with the latter case corresponding to open strings and 
so will not write any formulas for the anti-holomorphic sector. We shall always set the 
worldsheet infrared scale to unity to simplify the formulas which follow. 

The simplest logarithmic conformal field theory is characterized by a pair of operators 
C and D which become degenerate and span a 2 x 2 Jordan cell of the Virasoro operators. 
The two operators then form a logarithmic pair and their operator product expansion 
with the energy-momentum tensor involves a non-trivial mixing 

T{z)C{w) = . ^ ^^ C{w) + ^—d^C{w) + ... , 

[z — wy z — w 

T{z)D{w) = . ^ . n{w)+ . ^ C{w) + ^—d^D{w) + ... , (2.2) 
[z — wj^ [z — wy z — w 

where A is the conformal dimension of the operators determined by the leading logarithmic 
terms in the conformal blocks of the theory, and an appropriate normalization of the D 
operator has been chosen. Because of (p.2|) , a conformal transformation z ^ w{z) mixes 
the logarithmic pair as 
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from which it follows that their two-point functions are given by 0, ^ 

[C{z) C{w) 
C{z)D{w) 



D{z)Diw)) = ^—-^[-2^\niz-w) + d), (2.4) 

where the constant ^ is fixed by the leading logarithmic divergence of the conformal blocks 
of the theory and the integration constant d can be changed by the field redefinition 
D D + (const.) C. The vanishing of the CC correlator in ( [^.4| ) is equivalent to the 
absence of double or higher logarithmic divergences. From these properties it is evident 
that the operator C behaves similarly to an ordinary primary field of scaling dimension A, 
while the properties of the D operator follow from the formal identification D = dC/dA. 

It is straightforward to write down a superconformal extension of the algebra ( p.2|) |T0| . 



In this paper we shall only deal with JV = 1 supersymmetry, but, as will become apparent, 
the extension to the J\f = 2 case is immediate. The J\f = 1 superconformal algebra is 
generated by the energy-momentum tensor T{z) with the relations ( |2.1| ) and an additional 
generator, the supercurrent G{z), which is the worldsheet superpartner of T{z). It has 
conformal weight | and the operator product expansions 

Tiz)Giw) = -^^^G{w) + ^—d^G{w) + ... , 
[z — W)'' z — w 

G{z)Giw) = . +J^T{w) + ... , (2.5) 

{z — W)'^ z — w 

where c = 2c/3 is the superconformal central charge. We introduce fermionic fields Xc 
Xd which are the worldsheet superpartners of the operators G and respectively. For 
simplicity, throughout this article, we shall work only in the Neveu-Schwarz sector of the 
theory corresponding to the choice of anti-periodic boundary conditions on the worldsheet 
spinor fields. Then the fields Xc ^"^^ Xd generated by the operator product expansions 

G{z) <P{w) = X4,{w) + . . . , <P = G,D . (2.6) 

z — w ^ 

One can now derive the M = 1 supersymmetric completion of the logarithmic con- 
formal algebra (|2.2|) . The pair (C, Xc) satisfies the standard algebraic relations of a 
primary superconformal multiplet of dimension A, while the additional relations for 
Xd can be obtained by differentiating those involving Xc with the formal identification 
Xd ~ 9xc/^^ IS- "^^^ Af = 1 logarithmic superconformal algebra is thereby character- 
ized by the operator product expansions (P^), (|2.(j|), and 
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{z — wY 



{z — w)2 
1/2 



z — w 



(z — wy 

A 

— w) 



D(w) + 



z — w 

1 

(z — w)'- 



■C{w) + 



V2_ 



d^D{w) + ... . (2.7) 



In addition to the Green's functions (p.4|), the two-point functions involving the extra 



fields can also be readily worked out to be [|T0| 

(0(z)x<^^H) = 0, <PA' = C,D 
[xci.^) Xci.'^)) = 0, 

2A^ 



,z — w 



\2A+1 



{z - ti;)2^+ 



- (-2A^ ln(z -w) + ^ + Ad) . 



{21 



Analogous results can be obtained for the three-point correlation functions of the 
theory |10| , [T^. Four-point functions are obtained in [|1^] and for dimension zero fields 
For the cases where there are n degenerate fields which span an n x n Jordan 



m 
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cell, the three-point functions have been recently worked out explicitly in ||T6[. It is also 
possible to generalize these results to the case where there is more than one Jordan block. 
Note that, under the assumption that the logarithmic partner fields are quasi-primary, 
any such Jordan block implies the existence of a Jordan cell for the identity operator, 
which has vanishing scaling dimension. Thus, if there exists a Jordan block with A 7^ 0, 
then there are automatically at least two Jordan blocks for the logarithmic conformal field 
theory. 



3 Supersymmetric Impulse Operators for Moving D- 
Branes 

We will now derive the appropriate supersymmetric vertex operator describing the recoil 
of a D-brane and show that it naturally satisfies a logarithmic super conformal algebra. 
For simplicity, we shall deal only with the case of 0-branes, but the extensions to generic 
p-branes are straightforward. At tree-level in open string perturbation theory, such a 
configuration is described by the harmonic string coordinates = which map 

a disc E into flat 1+9 dimensional spacetime with the Dirichlet boundary conditions 
^''IdT, = along the transverse directions to the brane and Neumann ones dj_x^\gj] = 
along the DO-brane worldline. Here dj_ denotes the normal derivative at the boundary 
of the string worldsheet S which is parametrized by the periodic coordinate r G [0,1]. 
The bulk of S is parametrized by coordinates a", a = 1,2. The bosonic vertex operator 
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describing the motion of the brane is given by ||T7| 

■rfr F,(x°(r))5^x^(r)) , (3.1) 



exp 



27ra' 







where a' is the string slope, da = d/da", and Fj(x°) = 6ij Y^{x^) describes the trajectory 
of the DO-brane as it moves in spacetime. 

The recoil of a heavy D-brane due to the scattering of closed string states may be de- 
scribed in an impulse approximation by inserting appropriate factors of the usual Heav- 
iside function Q{x^) into (O). This describes a non-relativistic 0-brane which begins 



moving at time x° = from the initial position yi with a constant velocity Ui. The 
appropriate trajectory is given by the operator 

Y,{x') = y,C,{x') + u,D,{x'^) , (3.2) 

where we have introduced the operators 

a(x°) = a e ee(x°) , Z^,(x°) = x° e,(x°) , (3.3) 

with Q^{x^) the regulated step function which is defined by the Fourier integral transfor- 
mation 

e,(x°) = — 7 e-V (3.4) 



This integral representation is needed to make the Heaviside function well-defined as 
an operator. In the limit e — >■ 0^, it reduces via the residue theorem to the usual step 
function. The operator Ce{x^) is required in ( |3.2| ) by scale invariance. Note that the center 
of mass coordinate yi appears with a factor of e — > so that the first operator in (|3.2|) 
represents a small uncertainty in the initial position of the D-brane induced by stringy 
effects [If. The pair of fields (|3.3| ) are interpreted as functions of the coordinate z on the 
upper complex half-plane, which is identified with the boundary variable r in ( p.l|) . This 
interpretation is possible because the boundary vertex operator ( p.l| ) is a total derivative 
and so can be thought of as a bulk deformation of the underlying free bosonic conformal 
cr-model on S (in the conformal gauge). The impulse operator ( p.l| , p.2| ) then describes 
the appropriate change of state of the D-brane background because it has non-vanishing 
matrix elements between different string states. It can be thought of as generating the 
action of the Poincare group on the 0-brane, with y^ parametrizing translations and Ui 
parametrizing boosts in the transverse directions. 

By using the representation (|3.4|) and the fact that the tachyon vertex operator e 
has conformal dimension a'uj'^/2, it can be shown that the operators ( p.3|) form a 
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degenerate pair which generate a logarithmic conformal algebra (|2.2| ) with conformal 
dimension A = A^, where 



A. 



(3.5) 



The total dimension of the impulse operator (^71,3.2) is = 1 + A^, and so for e 7^ 
it describes a relevant deformation of the underlying worldsheet conformal a-model. The 
existence of such a deformation implies that the resulting string theory is slightly non- 
critical and leads to the change of state of the D-brane background. 

The two-point functions of the operators ( p.3|) can be computed explicitly to be P 



a(z)cjw)) = — 



(a 



/^3 



Att V In a 



^,F,(i,i;46Vln(z- 



w 



2 ^e'^a'\n{z -w) ^F^ (l , | ; 4e^a' ln(^ 



w 



CJz) DAw\ 



1 



1 



47re3 V 2a' In A 
16 

y 



8 1 ^2' 
3/2 



+ — (e^a'ln(^ 



w 



w 



iFi(2, |;4eVln(;z- 



w 



DJz) DAw, 



CAz] DJw] 



(3.6) 



where A — is the worldsheet ultraviolet cutoff which arises from the short- distance 
propagator 



lim (x^(z) x^(w] 



-2a' In A 



(3.7) 



Here we have used the standard bulk Green's function in the upper half-plane, as the 
effects of worldsheet boundaries will not be relevant for the ensuing analysis.^] This is 
again justified by the bulk form of the vertex operator ( p.l|) , and indeed it can be shown 
that using the full expression for the propagator on the disc does not alter any results . 
It is then straightforward to see that in the correlated limit e, A — > 0"'', with 



-2a' In A 



(3.^ 



the correlators ( |3.6| ) reduce at order to the canonical two-point correlation functions 
( p.4| ) of the logarithmic conformal algebra, with conformal dimension ( p. 51 ) and the nor- 
malization constants 



d = 



IT 



3/2 



2e2 



(3.9) 



Note that the singular behaviour of the constant d^ in ( p.9|) is not harmful, because it can 
be removed by considering instead the connected correlation functions of the theory [^. 

^Boundary effects in logaritlimic conformal field theories have been analysed in j^, [T^ . 
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We will now derive the M = 1 supersymmetric completion of the impulse operator 
( P .11 , 13 .21 ). For this, we introduce 2x2 Dirac matrices p", a = 1,2, and real two-component 
Majorana fermion fields ip'^ which are the worldsheet superpartners of the string embed- 
ding fields x^. A convenient basis for the worldsheet spinors is given by 



P 



-i 

1 



in which the fermion fields decompose as 



P 



i 

1 



(3.10) 



(3.11) 



The fields ( p.ll| ) obey the boundary conditions ip+\dj: = ±^-|aE, where the sign depends 
on whether they belong to the Ramond or Neveu-Schwarz sector of the worldsheet the- 
ory [11^1 . The global worldsheet supersymmetry is determined by the supercharge Q which 
generates the infinitesimal Af = 1 supersymmetry transformations 



[Q, 



-i p" daX^ 



(3.12) 



The fermionic fields ip+^z) have conformal dimension |, and from ( |3.12| ) it follows that 



the superpartner of the tachyon vertex operator e* 
Neveu-Schwarz sector we may write 



IS 



Q iijjx 
+ 



G{z) 



z — w 



+ ... . 



, so that in the 



(3.13) 



In what follows it will be important to note the factor of ^/a' uj that appears in the 
supersymmetry transformation (|3.13| ). Because of it, and the fact that the tachyon vertex 
operator has conformal dimension ollJ^ jl^ the inverse transformation is given by 



(z — w]^ z — w ^ ' 



e ~Y~ . . . 



(3.14) 



To compute the superpartners of the logarithmic pair 
write 



we use ( |3.4| ) and ( |3.13| ) to 



G{z)C,{w) 



z — w 



<(^) 



duj 



LU — te 



{uj — ie) + ie 



(3.15) 



In the first term of the integrand in ( |3.15| ) there is no pole and so after contour integration 
it vanishes. Formally it is a delta functional 6{x^{w)) which we neglect since we are 
interested here in only the asymptotic time-dependence of string solitons. Then, only the 
second term contributes, and comparing with (|2.6|) we find 



(3.16) 
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Similarly, we have 
G{z) D,{w) = 



z — w 



duj 



[uj — le] 



[uo — it) + it 



(3.17) 



which using ( p.6|) gives 

XnS^'.i'') = ^ [^D,{x') - < . (3.18) 

The operators (|3.16| ) and ( p.l8|) have conformal dimension + |. 

It is straightforward to now check that the remaining relations of the M = 1 loga- 
rithmic superconformal algebra are satisfied. By using (p.2| ), (|0| ), (|3.16|) and ( p.l8| ), it 
is easy to verify the first two operator product expansions of ( p.7| ) in this case. For the 
operator products with the fermionic supercurrent, we use in addition the Fourier integral 
(U) along with (|3]T|) to get 



t^a'^'/Am 
{z — w)"^ 

1 



u — It 



[uj — it) + it 



+ dwXc, {w) + ... 

z — w 



{z — w)"^ 
(z — w)"^ 



Ce{w) H ^^,XcS'^) + • • • 



z — w 



(3.19) 



duj 



UJ — It 



({uj - it) + it) H ({uj - it) + it) 

^ ^ UJ — It ^ ' 



z — w 



l/Vc/ 

{z — wy 



C,{w) 



a't^ 



DJw) 



z — w 



■d^XDS^) + -- - ' (3-20) 



which also agree with ( p^.7| ) in this case. 

For the two-point correlation functions ( |2.8| ), we use the fermionic Green's function in 
the upper half-plane, 

1 



^l{z)r+{^) 



(3.21) 



z — w 

and the fact that bosonic and fermionic field correlators factorize from each other in the 
free superconformal a-model on S. The first set of relations in ( |2.8| ) are then satisfied in 
this case because {ijj1{z)) = 0. The second relation holds to order since oc and 
{Ce{z)Ce{w)) = to order e^. For the remaining correlators, we use ( |2.4| ), ( p.l6| ), ( p.l8| ), 
( ^.21| ) and factorization to compute 



{z — w) 



{z — w) 



2e 



a' 



j~t^(-2^\n{z-w) + d, 



(3.22) 



which upon using ( |3.5| ) are also seen to agree with ( p.8| ). Therefore, the super symmet- 
ric extensions ( p.l6| ) and ( |3.18| ) of the impulse operators ( |3.3| ) give precisely the right 
combinations of operators that generate the full algebraic structure of a logarithmic su- 
perconformal field theory. This yields a non-trivial realization of the supersymmetric 
completion of the previous section, and illustrates the overall consistency of the impulse 
operators describing the dynamics of D-branes in closed string scattering states. 



4 Superspace Formalism 

We will now derive the explicit form of the supersymmetric extension of the impulse vertex 
operator ( prT| , p^ ) . For this, we consider the Wilson loop operator 

1 

W[A] = expi j) A^{x) dx^ = expi / dr x>'{t)A^[x{t)) , (4.1) 

dS 

where is a U{1) gauge field in ten dimensions, and i;^(r) = dx^{T)/dT. T-duality 
maps the operator ( [4.1|) onto the vertex operator (|3.1|) for a moving D-brane by the rule 



daX^ ^— i 7]^"' eai3 O^x^ and the resulting replacement of Neumann boundary conditions for 
X* with Dirichlet ones [^. The spatial components of the Chan-Paton gauge field map 
onto the brane trajectory as Ai = Yi/2'n'a', while the temporal component Aq becomes a 
f/(l) gauge field on the D-particle worldline. 

The minimal A/" = 1 worldsheet supersymmetric extension of the operator ( [4.1D is 
given by 

WiA^P] = W[A\ exp (-^ I dr F^^i^^p'r] , (4.2) 







where Ffj^^, is the corresponding gauge field strength tensor. For the recoil trajectory 
(p.2|), an elementary computation using the contour integration techniques outlined in 
the previous section gives Fij = and 



6A{x^) I 



bx^ 2Tia' 



M^') = = TT-, y^tC,{x') + uAtD,{x') - — a(x° 



1 



ea' 



(4.3) 



This shows that, in the T-dual Neumann picture, the canonical supersymmetric extension 
of the U{1) Wilson loop operator ( f4.2| ) yields precisely the couplings to the operators Xc\ 
and ^^at were computed in the previous section from the supersymmetric completion 
of the worldsheet logarithmic conformal algebra. 

T-duality acts on the worldsheet fermion fields ( ^.11[ ) by reversing the sign of their 
right-moving components ip'^. By using ( |4.2| , [4.3D we may thereby write down the super- 
symmetric extension of the impulse operator for moving DO-branes, 

= exp(-^ JdT {[y,C,{x%T))+u,D,{x'iT))]d^x\T) 
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+ 



where we have dropped the ± subscripts on the fermion fields in ( |3.11| ), and the logarith- 
mic superconformal operators in ( |4.4| ) are given by ( p.3| ), ( |3.16| ) and ( p.l8| ). The vertex 
operator ( [4.4[ ) can be expressed in a more compact form which makes its supersymmetry 
manifest. For this, we extend the disc E to an A/" = 1 super- Riemann surface S with 
coordinates {Z, Z) = {z, 6,z,6), where 6' is a complex Grassmann variable, and with cor- 
responding superspace covariant derivatives Vz = dg + Odz- Given a bosonic field 0(z) 
with superpartner X(t,{.z)i we introduce the chiral worldsheet superfields 



(4.5) 



and correspondingly we make the embedding space of the superstring an A/" = 1 superspace 
with chiral scalar superfields X^{z,9) = x'^{z) + Oip^z). Then the impulse operator ( ^.4| ) 
can be written in a manifestly supersymmetric form in terms of superspace quantities as 



dr d9 (y, <l>c.(r, 9) + u, <l>^,(r, 6)) V^X\t. 



as 



(4.6) 



where in 



the Grassmann coordinate 9 is real. 



In fact, the algebraic relations of the logarithmic superconformal algebra can be most 
elegantly expressed in superspace notation. For this, we introduce the super-stress tensor 
T(Z) = G{z) + 9T{z), and define the quantities Z12 = zi — Z2 — ^1^2 and 9i2 = ^1 — ^2 
corresponding to a pair of holomorphic superspace coordinates Zi = {zi,9i) and Z2 = 
(2:2, 6*2). Then the operator product expansions (p.l|), ( |2.2| ) and (p.5|)-(p?7D can also be 
written in terms of superspace quantities as 



r(Zi)r(Z2) 

T{Z^)<l>c{Z2) 

TiZ^<^D{Z2) 



12)" \^12) ^12 ^12 



^$,(Z2) + #P.,$C(^2) 

^12 A/2 



712 



a,,$c(^2) + ... 



n2 



>12 



$d(^2) + 



^^12/2 



$0(^2) 



'12} 



n2) 



+ ]Ilvz,^D{Z2) + ^d,,^r>{Z2) + ... , 
^12 ^12 



(4.7) 



while the two-point functions (|2.8| ) may be expressed as 
%c{Z,)<i>c{Z2)) = 0, 

>C7(^i)$d(^2) 



$Z3(Zi)<l>z)(Z2 



:^i2)2^ 
1 

%2F 



-2^ \nZi2 + d 



(4.8) 
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This superspace formalism also generalizes to the construction of higher-order correla- 
tion functions which are built from appropriate coordinate invariants of the supergroup 
05*^(112) [|10]. It emphasizes how the impulse operator ( [4 .61 ), and the ensuing logarithmic 
algebra ( [4.7|j4.(j| ), is the natural supersymmetrization of the recoil operators for D-branes. 



5 Target Space Formalism 

Let us now describe the target space properties of the logarithmic superconformal algebra 
that we have derived. A worldsheet finite-size scaling 



A I — > A' = A e-*/^ (5.1) 
induces from (|3.8| ) a transformation of the target space regularization parameter, 

ei — > e =e + eHV^ + 0{e^) . (5.2) 



By using ( |3.9| ) and the ensuing scale dependence of the correlation functions ( p.4|) we may 
then infer the transformation rules 

C,, = C, , D,, = D,--^C, (5.3) 

to order e^. It follows that, in order to maintain conformal invariance, the a-model 
coupling constants in (|4.4| ) must transform as yi ^ Vi + {t/\/a') Ui, Ui i— > Ui, and thus a 



worldsheet scale transformation leads to a Galilean boost of the D-brane in target space. 



However, by using (|3.16|) , (|3.18| ), ( ^.21) and ( |5.3|) , we see that the superconformal 
partners of the logarithmic operators are scale- invariant to order e^, 

Xc,, = Xa ' Xd^, = Xd, ■ (5-4) 

The invariance property ( |5.4| ) can also be deduced from the scale independence to order 
of the two-point correlators ( p.8|) , in which the scale dependent constant appears only 
in the invariant combination A^d^ ~ 0{e^). This means that the operator (|4.4|) describes 
the evolution of the DO-brane in target space with respect to only the ordinary, bosonic 
Galilean group. In other words, if we introduce a superspace and worldsheet superfields 
as in ( [4.5| ), then a worldsheet scale transformation in the present case acts only on the 
bosonic part of the superspace. This property is of course very particular to the explicit 
scale dependence of the recoil superpartners ( p.l8| ) in the logarithmic superconformal 
algebra. 

The fact that the super-Galilean group is not represented in the non-relativistic dy- 
namics of D-branes is merely a reflection of the fact that the motion of the brane explicitly 
breaks target space supersymmetry. Indeed, while the deformed cr-model that we have 
been working with possesses M = 1 worldsheet supersymmetry, it is only after the ap- 
propriate sum over worldsheet spin structures and the GSO projection that it has the 
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possibility of possessing spacetime supersymmetry. To understand better the breaking of 
target space supersymmetry within the present formahsm, we now appeal to an explicit 
spacetime supersymmetrization of the Wilson loop operator ( |4.1| ). This will produce a 
Green-Schwarz representation of the spacetime supersymmetric impulse operator in the 
dual Neumann picture, and also yield a physical interpretation of the supersymmetric 
vertex operator (f4.4|). 

For this, we regard the Chan-Paton gauge field as the first component of the ten- 
dimensional M = 1 Maxwell supermultiplet. Its superpartner is therefore a Majorana- 
Weyl fermion field A with 32 real components. We introduce Dirac matrices T ^ in 1+9 
dimensions, and define V = | [F^, F,^]. The loop parametrization x'^{t) has superpartner 
^^(r) which couples to the photino field A. Then, the spacetime supersymmetric extension 
of ( [4.1| ) is given by the finite supersymmetry transformation 



\N[A, A] = exp ( I dr ^(r) Qj W[A] exp j dr ^(r) Q ) , (5.5) 

where the supercharge Q generates the infinitesimal J\f = 1 supersymmetry transforma- 
tions [1191 



_ i r pt^" 
4 ' 



{Q,A} 

{Q,^} = 4. (5.6) 

By using the Baker- Campbell-Hausdorff formula, the supersymmetric Wilson loop (|5.5|) 
thereby admits an expansion 



4 



\N[A, A] 



exp t I dr (^x^ + - ^9 F^ ^9 



+ ^ i;'^ ^ F^ A + ^ x^F-"' ^ F^ F,A ^ + . . . 



(5.7) 



where the ellipsis in ( ^.7|) denotes contributions from higher-order fluctuation modes of 
the fields. 

To identify the ten-dimensional supermultiplet which is T-dual to the worldsheet 
recoil supermultiplet of ( [4.4|) , we use the supersymmetry algebra (|5.6|) to get Fj A = 
I Foi(a;°) {}, with FQi{x^) given by (|4.3|). We then find that the target space supermulti- 
plet describing the recoil of a DO-brane is given by the dimensionally reduced supersym- 
metric Yang-Mills fields 



Aix') = ^{y,C,ix')+u,D,ix^)) , 
A(x°,^) = -J—r{y^XcS^',T'i))+u,XDSx',^'^ 



{5.t 
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Therefore, the logarithmic superconformal partners to the basic recoil operators also arise 
naturally in the T-dual Green-Schwarz formalism. 

By using ( p.7| ) and ( ^.8| ) we can now lend a physical interpretation to the supersym- 
metric impulse operator. For simplicity, we shall neglect the stringy fluctuations in the 
center of mass coordinates of the D-brane and take Ui = 0. We consider only the long-time 
dynamics of the string soliton, i.e. we take x° > and effectively set the Heaviside func- 
tion 6e(x°) to unity everywhere. We will also choose the gauge Aq{x) = 0. The bosonic 
part of the Maxwell supermultiplet of course describes the free, non-relativistic geodesic 
motion of the DO-brane in fiat space. To see what sort of particle kinematics is repre- 
sented by the full supermultiplet, we substitute Ai = UiX^/2iTa' and \ = t/l r°'i9/367ra' 
into ( |5.7|) , where = WiF*, and we have again ignored stringy 0(e) uncertainties in 
position and velocity. Note that, generally, the fermionic operator ( p.l8| ) also induces a 
velocity-dependent stringy contribution to the phase space uncertainty principle in the 
sense described in 0. This is reminescent of the energy-dependent smearings that were 
found in |^. Heuristically, this identical stringy smearing of position and velocity is 
responsible for the violation of super-Galilean invariance in ( p.4[ ). 

With these substitutions we find W[y4, A] = e*^/^™', where 

1 ... 

S = [ dr (x'uiX^ + -x^di'd + —x'^^id --x'uidV^'d 



+ ^x''^W\i]'d + ^i:l\r\i]^ + ..^ (5.9) 

can be interpreted as the action of a certain kind of superparticle in the M = 1 super- 
space spanned by the coordinates {x'^,'d,d) and with worldline parametrized by the loop 
coordinate r. To identify the superparticle type, we will first simplify the last four terms 
in ( |5.9|) . For this, we note that in ten spacetime dimensions the Dirac matrices are taken 
in a Majorana representation, so that F° is antisymmetric while F*, i = 1,...,9, are 



symmetric matrices . We also treat ^, ^ as an anticommuting pair of variables in the 
action S. Then, it is easy to check that the third term in ( p. 9] ) vanishes, because via an 
integration by parts it can be written as 



- — I dr x° {^'^r'^^^ + ^'^r^'^^) =0 , (5.10) 
36 







where we have used the Dirac algebra to write F*^ = — F°. In a similar way one readily 
checks that the fourth and fifth terms in ( |5.9|) are zero. By the same techniques one finds 
that the last term is non-vanishing, and after some algebra it can be expressed in the 
form I Jq dr i!)'^ x^ Tij The action ( |5.9|) can therefore be written as 



1 

dr 



Pi[x' + i^rd^) -tf ^ + , (5.11) 







14 



where 



Pi = Uix", i = x'u^Tij^, (5.12) 

and we have rescaled the worldhne spinor fields 2i}. 

The action ( 5.11 ) is, modulo mass-shell constraints, that of a twisted superparticle |T^, 



which admits a manifestly covariant quantization. The first term is the standard non- 
relativistic superparticle action, while the inclusion of the fermionic field £ modifies the 
canonically conjugate momentum to a.s = i) — i . Note that the quantity pi in (|5.12|) 
is the expected momentum of the uniformly moving D-particle, while i is proportional 
to its angular momentum. In the present case P/^p'^ 7^ 0, so that the supersymmetric 
impulse operator describes a massive, non-relativistic twisted superparticle. The twist in 
fermionic momentum vr^ vanishes if there is no angular momentum, for instance if the 
D-particle recoils in the direction of scattering. The equations of motion which follow 
from the action ( |5.11| , prT^ ) can be written as 



^0 = Uix' = = , (5.13) 

which imply that and the components of x* and along the direction of motion are 
independent of the proper time r. In general the remaining components of x'^ and are r- 
dependent. These classical configurations agree with the interpretation of the worldsheet 
zero mode of the field x^ as the target space time and also of the uniform motion of the 
D-particles. In particular, the Galilean trajectory x*(r) = ?/*(r) -|- u^x^, appropriate for 
the kinematics of a heavy DO-brane, solves ( |5.13| ) provided that the component of the 



vector |/*(r) along the direction of recoil is independent of the worldline coordinate r. 

There are some important differences in the present case from the standard superpar- 
ticle kinematics. The action ( p. Ill ) generically possesses a fermionic K-symmetry defined 
by the transformations 

6 J = 2pip'K , 

5^x' = iKi)r§ , (5.14) 

where k is an infinitesimal Grassmann spinor parameter. It is also generically invariant 
under a twisted M = 2 super- Poincare symmetry |12| . However, the choices (|5.12|) break 



these supersymmetries, which is expected because the D-brane motion induces a non- 
trivial vacuum energy. The configurations ( |5.12| ) of course arise from the geodesic bosonic 
paths in the non-relativistic limit ^ 1, or equivalently in the limit of heavy BPS mass 
for the D-particles, which is the appropriate limit to describe the tree-level dynamics here. 
The Galilean solutions of ( |5.13| ) described above explicitly break the K-symmetry ( |5.14| ). 



Therefore, we see that the supersymmetric completion of the impulse operator (for 
weakly-coupled strings) describes the dynamics of a twisted supersymmetric D-particle 
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in the non-relativistic limit, with a gauge-fixing that breaks its target space supersym- 
metries. In turn, this broken supersymmetry imphes that the vertex operator ( [4 .41) does 
not generate the action of the super-Poincare group on the brane, and consequently the 
super-D-particle does not evolve in target space according to super-Galilean transforma- 
tions . The structure of the worldsheet logarithmic superconformal algebra is such that 
these spacetime properties of D-brane dynamics are enforced by the impulse operators. 



6 Modular Behaviour 

In the case of string solitons, the non-trivial mixing between the logarithmic and 
operators leads to logarithmic modular divergences in bosonic annulus amplitudes, and 
it is associated with the lack of unitarity of the low-energy effective theory in which 
quantum D-brane excitations are neglected 0, |, |^. We now examine how these features 
are modified in the presence of the logarithmic M = 1 superconformal pair. For this, we 
consider the open superstring propagator between two scattering states \£a) and ISp), 

= {S.\-^\j.\S,) = - {S^\q^"~'/'\S,) , (6.1) 
Lq - L/Z J_ q 

where the Virasoro operator Lq is defined through the Laurent expansion of the energy- 
momentum tensor T{z) = J2n Ln , and the factor of | is the normal ordering in- 
tercept in the Neveu-Schwarz sector. Here q = e^'^*'^, with r the modular parameter 
of the worldsheet strip separating the two states \£a) and and JF is a fundamental 
modular domain of the complex plane. We shall ignore the superconformal ghosts, whose 
contributions would not affect the qualitative results which follow. 

For the purely bosonic string, divergent contributions to the modular integral would 
come from a discrete subspace of string states of vanishing conformal dimension corre- 
sponding to the spectrum of hnearized fluctuations in the soliton background H, 01- 
Since in the present case these are precisely the states associated with the logarithmic 
recoil operators, we should analyse carefully their contributions to the propagators ( |6.1|) . 
We introduce the highest weight states |0) = 0(O)|O), = C^, D^.Xc^^Xd^^ with the un- 
derstanding that the and ip^ parts of the vertex operator ( [4.4| ) are included. This has 
the overall effect of replacing in the bosonic parts of the operator product expansions 
everywhere by the anomalous dimension /i^ = 1 + of the impulse operator, while in the 
fermionic parts A^ + l is replaced everywhere by h^. Using ( pT^ ) and ( p.7| ), the 2x2 Jordan 
cell decompositions of the bosonic and fermionic Virasoro generators are then given by 

L^ia) = K\c,) , = K\D,) + la) , ^ ^ 

(6-2) 

Lq\Xc) = h,\xc) . LqIXdJ = h,\XDj + \XcJ^ 
where Lq = Lq + Lq. Using the factorization of bosonic and fermionic states, in the Jordan 
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blocks spanned by the logarithmic operators we have 
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g^'Ma,A)®|Xc.,X...) = g'^(^l^^ ljl^-^^^®^'^(lng i)\^c.,Xn.)- (6-3) 
The corresponding expectation value ( |6.1| ) in such a state is then given by 

Acz) = -/ dqq'^^^'/^a,D,\ °) \C.,D,){xc^,Xn.\ (j^^^ IXc.Xd.) -(6.4) 

The dangerous region of moduli space is Imr — +oo, in which g ~ 5 ^ 0^. Using = 
as e — > we can easily check that the contributions to the modular integration in ( |6.4| ) 
from this region vanish. For instance, the worst behaviour comes from the term in the 
integrand involving ^yg(lng)^, which upon integration over a small strip J^g of width 6 
produces a factor 

/rfgv^(lng)2^^53/2 (^^l^^)2_4^^^^8^j ^ ^^^^^ 

which vanishes in the limit 6 — O'^. Therefore, in quantities involving matrix elements 
of the string propagator in logarithmic states, the incorporation of worldsheet supercon- 
formal partners cancels the modular divergences that are present in the purely bosonic 
case. It is also straightforward to arrive at this conclusion in the Ramond sector of the 
superstring theory. Notice that although the explicit calculation above is carried out with 
respect to the chosen basis (|6.2|) within the Jordan cell, the same qualitative conclusion 
is arrived at under any change of basis \Ce, D^) \aC^ + 6-0^, cC^ + dD^). This is because 
the strip integral ( |6.5| ) is the worst behaved one and any change of basis will simply mix 
it with better behaved modular integrals. Furthermore, physical string scattering ampli- 
tudes will involve the superstring propagator with sums over complete sets in an invariant, 
basis-independent form. Its effect on such physical quantities is therefore independent of 
the chosen base. 

This cancellation of infinities has dramatic consequences for the behaviours of higher 
genus amplitudes. In the purely bosonic case, where the modular divergences persist, the 
logarithmic states yield non-trivial contributions to the sum over string states and imply 
that, to leading order, the genus expansion is dominated by contributions from degenerate 
Riemann surfaces whose strip sizes become infinitely thin ^, |^. Such amplitudes can 
be described in terms of bi-local worldsheet operators and the truncated topological series 
can be summed to produce a non-trivial probability distribution on the moduli space of 
running coupling constants of the slightly marginal cr-model [^. The functional Gaussian 
distribution has width proportional to a/Iu^, and the string loop divergences are cancelled 
by a version of the Fischler-Susskind mechanism. However, we see here that this structure 
disappears completely when one considers the full superstring theory. This means that in 
the supersymmetric case one has to contend with the full genus expansion of string theory 
which is not even a Borel summable series. The dominance of pinched annular surfaces. 
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as well as the loss of unitarity due to the logarithmic mixing, can now be understood as 
merely an artifact of the tachyonic instability of the bosonic string. Once the appropriate 
superconformal partners to the logarithmic operators are incorporated, the theory is free 
from divergences, at least at the level of string loop amplitudes. Heuristically, this feature 
can be understood from the form of the fermionic two-point functions ( |2.8| ), which for 
A = reduce to conventional fermionic correlators with no logarithmic scaling violations 
on the worldsheet. The zero dimension fermion fields, after incorporating the worldsheet 
superconformal ghost fields, thereby have the usual effect of removing instabilities from 
the theory. 



7 The Zamolodchikov Metric 



Another way to understand the effect of the fermionic fields in the recoil problem is 
through the Zamolodchikov metric in the sector corresponding to the logarithmic states. 
It is defined by the short-distance two-point functions 



lim {<P{z) <P\w)) , <PA' = C, D, xc, Xd , 



(7.1) 



and by using (|2.4|) and ( p.8|) it can be represented as the 4x4 matrix 

/o e \ 

^ d-2^\nA 
2A^ 

\0 2A^ 2(^ + Arf-2A^lnA)y 



(7.2) 



In the upper left bosonic 2x2 block we find a logarithmically divergent term, which 
may be associated to the logarithmic modular divergences that are present in the bosonic 
case. On the other hand, in the lower right fermionic 2x2 block we find that the 
logarithmic divergence generically appears only through the term which is proportional 
to A In A. For the recoil problem, in which the conformal dimension of the operators 
is correlated with the worldsheet ultraviolet scale through the relations ( p. 5] ) and (^.8]), 
this term is a finite constant. Thus, in contrast to its bosonic part, the fermionic part 
of the Zamolodchikov metric is scale-invariant. This is just another reflection of the 
fact that the fermionic logarithmic operators do not themselves lead to any logarithmic 
divergences and act to cure the bosonic string theory of its instabilities. In fact, this 
property on its own is motivation for the identification (|3.8|) of worldsheet and target 
space regularization parameters which was used to arrive at the logarithmic conformal 
algebra. In turn, this correlation is then also consistent with the Galilean non-invariance 
( p.4| ) which derives from the twisted superparticle interpretation of the previous section. 
Nevertheless, the vanishing correlation functions in ( |2.4| ) and ( |2.8| ) indicate the existence 
of a hidden supersymmetry in the dynamics of moving D-branes. For instance, it is 
straightforward to check that the fermionic Noether supercurrents associated with spatial 
translations induce the same logarithmic scaling violations that the bosonic ones do [jl], . 
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It is curious to note that the Zamolodchikov metric ( [7.2| ) becomes degenerate in the 
conformal hmit A — > 0, which corresponds to the infrared fixed point of the worldsheet 
field theory (in the sense that the size of the worldsheet is infinite in units of the ultraviolet 
cutoff). In this limit all two-point correlation functions involving the fermionic field 
Xc vanish. Whether or not this implies that Xc completely decouples from the theory 
requires knowledge of higher order correlators of the theory. Furthermore, in that case 
there are no logarithmic scaling violations, since {Xoi^) Xoi'^)) = 2^/(2 — w) in the 
limit A — s> 0. Generally, the vanishing of two-point functions in a logarithmic conformal 
field theory implies some special properties of the model. In the purely bosonic cases, 
it is known that such a vanishing property is associated with the existence of hidden 
symmetries corresponding to some conserved current A similar situation may occur 
in the supersymmetric case, indicating the presence of some new fermionic symmetries. 
For this to be case, there must be some other field to which the field Xc couples. While 
the extra hidden symmetry may be related to the fact that Xc ^ ^^^^ field in the 
subspace of primary fields, it should not be a true null field. This interesting issue deserves 
further investigation. Notice however that in the recoil problem, the pertinent correlation 
functions are no n- vanishing in the slightly-marginal case where e 7^ 0. 

Notice also that the degeneracy of the metric (|7.2|) in the limit A ^ may not be 
a true singularity of the moduli space of coupling constants. To further elaborate on 
this point requires computation of the corresponding curvature tensor, and its associated 
invariants which, being invariant under changes of renormalization group scheme, contain 
the true physical information of the theory. However, this again requires knowledge of 
the three-point and four-point correlation functions among the pertinent vertex operators, 
which at present are not available. 

The Zamolodchikov metric is also a very important ingredient in the construction 
of the effective target space action of the theory. In the bosonic case such a moduli 
space action reproduces the Born-Infeld action for the D-brane dynamics in the Neumann 
representation 0. The supersymmetrization of the worldsheet theory along the lines of 
section 4 will produce the same Born-Infeld action, with the only effect that the tachy- 
onic instabilities are again removed and no renormalization of the coupling constants are 



required p4|. This is immediate due to the form of ( |7.2| ). On the other hand, the tar- 



get space supersymmetrization of the Born-Infeld action in ten dimensions is known |2| 



The photino field A corresponds to the Goldstino particle of the super- Poincare symmetry 
which is spontaneously broken by the presence of the D-brane. The resulting action does 
however possess local spacetime /t-symmetry. We may then expect an appropriate version 
of this action to emerge within the target space formalism of the previous section, with 
corresponding breaking of the fermionic /t-symmetry. 
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